Digital microfluidic systems (DMSs) 
Introduction
Digital microfluidic systems ͑DMSs͒ are the new generation of microfluidic systems, which manipulate pico-to nanoliter liquid droplets within a two-dimensional array of cells ͑electrodes͒. Droplets can be actuated using electrowetting-on-dielectric ͑EWOD͒ ͓1,2͔, light ͓3͔, and magnetic fields ͓4͔. In a typical DMS, liquid droplets of samples and reagents are dispensed from respective reservoirs, moved to predetermined locations for merging, mixing, splitting, diluting, heating, evaporating, and detecting within the two dimensional array of cells. Digital microfluidics has shown great potentials in biochemical and biomedical applications such as diagnostics of human physiological fluids ͓5͔ and analysis of proteins ͓6͔. Most research efforts in digital microfluidics have been dedicated to the study of the feasibility of generating, transporting, mixing and splitting liquid droplets ͓2͔ in the EWOD-based DMS. The hydrodynamics of droplet in DMS has also been studied ͓7,8͔. Various researchers have developed synthesis software tools capable of automatically designing a DMS based on the user requirement and mapping the biochemical analysis protocol onto the DMS ͓9͔. Ren et al. ͓10͔ developed an on-chip droplet generation mechanism by integrating an external continuous-flow system with EWOD-based DMS utilizing capacitance feedback. Gong and Kim ͓11͔ proposed an all-electronic droplet generation technique employing a proportional-integralderivative controller to eliminate the need for an external continuous-flow system.
The systematic study of the control of individual droplets is an unexplored area that needs attention mainly because of three reasons: ͑i͒ avoiding uncertainties in moving droplets, ͑ii͒ generating faster motion, and iii͒ precisely controlling operations such as droplet creation and droplet splitting in real time. This article addresses the position control problem of the DMS by developing a generic model of the droplet dynamic system. In Sec. 2, the motivation for control analysis of a moving droplet is set for a typical DMS. A detailed model of the droplet dynamic system is developed in Sec. 3 considering the nonlinear resistive forces and the threshold of actuation force. Section 4 shows the results of simulation and discusses the effects of the transient behavior of a droplet. Finally, the present work is summarized in Sec. 5 along with mentioning the goals of future research.
Motivation for Control Analysis
In this study, a confined digital microfluidic system with a planar array of cells ͑electrodes͒ is considered. Figure 1 shows the free body diagram of a droplet moving from one cell to another in a confined DMS. A greatly simplified model of the droplet motion in a DMS can resemble a mass and damper system without the stiffness term. For the sake of explaining the concepts, the total resistive force against droplet motion is modeled as a viscous friction force, which is linearly related to droplet velocity. A more elaborate model is presented in Sec. 3. Hence, the dynamic equation of the droplet motion is given by
where x is the displacement of droplet, m is the droplet mass, c is the coefficient of friction, and F dr is the driving force. The block diagram of droplet dynamic system is shown in Fig. 2 . Now, consider a generic droplet actuation mechanism, which does not inherently utilize the position of a droplet between two adjacent electrodes to generate the driving force. In absence of external feedback on droplet position, the above mentioned driving force cannot produce the desired final position of the droplet. For instance, a pulse of driving force will result in droplet displacement as a function of the magnitude and duration of the pulse. This implies that the DMS is an open loop system, and there is no control over the final position of the droplet. It can be mentioned here that in an EWOD-based DMS, the system inherently utilizes droplet position feedback and the droplet finally settles down on the destination cell. Nevertheless, position feedback is necessary in EWOD-based DMS for a compensator in the loop to actuate successive electrodes accurately, to guarantee the transport of droplets, and to alleviate the impact of design, fabrication, and runtime uncertainties. Feedback control is also necessary for the control of temperature and concentration, as well as for operations such as droplet creation. Information on droplet position can help in detecting the malfunction of bioassay operations ͑e.g., mixing͒ and the presence of faulty cells. The dynamic response of a droplet plays an important role in the performance of a DMS. The percentage overshoot must be controlled to avoid unintentional mixing between two droplets. The rise time and settling time are also important in determining the average speed of droplet motion, which, in turn, affects the overall throughput of the DMS.
where D is the spacing between the upper and lower plate, and r, d , and U are the droplet radius, viscosity, and velocity, respectively. Under the assumption that droplet as a rigid body is moving through filler-fluid, the viscous drag is estimated by
where C D is the drag coefficient of a cylinder in a cross-flow, and f is the density of filler-fluid. The contact-line friction is modeled by
where is the coefficient of contact-line friction defined in molecular kinetics, and n varies from 0 to 2. The contact angle hysteresis, defined as the difference between the advancing and receding contact angle of a droplet in motion, corresponds to the threshold of driving force ͓12͔. Thus, the equation of droplet motion can be written as
where F thresh is the threshold of driving force. Figure 3 shows the block diagram of closed-loop position control of a droplet with unity feedback. The subsystem "droplet" implements the nonlinear dynamics of droplet motion defined by Eq. ͑5͒.
Simulation Results
The dynamic response of the closed-loop position control system is simulated using SIMULINK ® . It is assumed that the footprint of a droplet on both the top and bottom plate remains circular from the start to the end of motion. The input to this system is a step command for position, which is equal to the electrode pitch and is applied at the start of simulation. The position of the center of the droplet is the output of the system. The geometric and fluidic parameters used in the simulation are summarized in Table  1 . The threshold driving force, which is related to the contact angle hysteresis, is taken to be 5 N ͓12͔. The results of simulation for two different values of proportional gain are shown in
Figs. 4-6. For the given values of fluidic and geometric parameters the system behaves as an underdamped one with the proportional gains of 1 and 10.
The rise time can be considered as the earliest time a droplet can be actuated to move from its current destination cell to the new destination cell. For example, a rise time of 5.659 ms ͑for K =1͒ implies that the actuation frequency cannot exceed 177 Hz resulting in a maximum obtainable average droplet speed of 26.5 cm/s. The droplet speed thus calculated can be used in determining assay completion time as well as optimal scheduling. The percentage overshoot indicates how close a droplet can get to a nearby droplet, while they are not allowed to contact each other. From simulation with K = 10, a 8.71% ͑0.1306 mm͒ overshoot added to the normal 5% ͑0.075 mm͒ overlap results in a total overlap of 13.71% ͑0.2056 mm͒ of the adjacent cell. Transactions of the ASME
The settling times ͑defined as the time required for the response to remain within 2% of the steady-state value͒ obtained are 9.219 ms for K = 1 and 5.195 ms for K = 10. If the predetermined path of the droplet is such that there are changes in the direction along which it must move, then sufficient time should be allowed for the droplet to settle down in each destination cell before it is commanded again to move to the next destination cell along the path. Thus, using the settling times obtained from simulation, the maximum allowable frequencies of actuating a droplet are found to be ϳ108 Hz and ϳ192 Hz for K = 1 and K = 10, respectively. Individual resistances as percentages of the total resistive force, for K = 1, are shown in Fig. 6 . At very low velocities of the droplet the contact-line friction is most dominant ͑71.84%͒ and the drag force due to the filler-fluid is least significant ͑ϳ0%͒. As the droplet attains speed, contributions of each of the resistive forces change greatly. After 1.13 ms, the droplet velocity becomes maximum. At this point, the percentage contributions of resistance due to viscous shear, drag and contact-line are 5.66%, 79.88%, and 14.46%, respectively. The drag force dominates until the droplet reaches the adjacent cell. The contact-line friction starts to dominate again as the droplet speed decreases. Figure 7 shows the dynamic response of a droplet for 20 different values of the controller gain ranging from 0.1 to 10. The % overshoot can be a critical parameter for systems where multiple droplets are manipulated within smaller number of cells. On the other hand, rise time or settling time can be more critical when the throughput of the system is to be maximized. The optimal controller gain and performance parameters can be estimated from Fig. 7 when the limit of the critical parameter is given.
Conclusions
Uncertainties in droplet motion in a DMS can result from the imperfections and degradation of material properties originated from the fabrication, as well as assay operations. A feedback control system is necessary in order to achieve the desired motion and accurate positioning of droplets within the two dimensional array of cells. In this paper, a general model of the closed-loop control system for droplet position is presented. The droplet dynamic system, modeled using the semi-empirical relations of resistances to motion, is simulated for a step command in position, and transient characteristics are obtained and discussed. The transient response analysis is necessary for the calculation of operational parameters of a DMS, such as driving frequency, as well as identification of unwanted situations. In brief, this paper presented the general model of droplets from a system point of view highlighting the needs and usefulness of feedback control system for proper functioning of a DMS. 
